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The purpose of the paper is to present a class of reduced models borrowed from structural mechanics
aimed at speciﬁcally describing swelling-induced bending deformations in a gel bar. A distinct bending
pattern to be conﬁrmed by an appropriate experimental setup is evidenced through the analysis of a
plane stress–diffusion model. Moreover, a further reduced 1D stress–diffusion model driven by an
integro-differential equation is derived. In particular, it is shown that there exists a range of the material
parameters where the standard 1D diffusion equation holds.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Elasticity theory has long since accounted for the effects of
inelastic deformations and a large body of literature is devoted to
the analysis of the residual stresses induced by thermal strains,
especially in the small strain regime (Boley and Weiner, 1960).
More recently, focus has been set on soft matter which is particu-
larly prone about noticeable morphological changes associated
with growth, remodeling, swelling or shrinkage. These processes,
even in the absence of any external forces, may lead to non-trivial
shapes (Dervaux and Ben Amar, 2008). In every case, the knowl-
edge of the physical mechanisms governing the shape changes is
mandatory to model the dynamics which determine the ultimate
shape of an object and to discuss further stability issues.
A distinct class of materials which has recently received great
attention is the class of polymer gels, which are elastic materials
swollen with a ﬂuid. The elastic properties are inherited from that
of the polymer network, while the transport capabilities are asso-
ciated with the migration of the solvent through the network.
Deformations can be induced in gels from swelling and drying,
squeezing and permeation (Doi, 2009). The non-equilibrium phe-
nomena that take place during the swelling are due to solvent
absorption and involve the stress state in the gel. As remarked in
Doi (2009), the swelling process of a gel is not the simple diffusion
process of a solvent through a gel network; the corresponding
dynamics has to be described through a stress–diffusion coupling
model and is inﬂuenced by the boundary conditions.ll rights reserved.
: +39 06 4884852.
a1.it (A. Lucantonio), paola.Concurrent deformation and transport in gels can be described
in some situations using an appropriate version of the linear theory
of poroelasticity (Biot, 1941; Yoon et al., 2010). Typically, one ima-
gines that, when immersed in a solvent bath, the body has swollen
and has reached a homogeneous equilibrium state. A perturbation
of the attained equilibrium state may be induced through a change
in the environmental conditions (temperature, concentration of the
solvent bath, . . .). The transient towards a new equilibrium state,
which can be supposed to be close enough to the original equilib-
rium state, can then be studied by means of the linear theory of
poroelasticity, which allows to determine the new ﬁnal state of
equilibrium. This transient may be characterized by different defor-
mation processes depending on the boundary conditions associated
with the stress–diffusion model. In general, the solution of the
incremental (poroelastic) problem involves the analysis of a system
of coupled equations which determine the evolution of the perme-
ation of the solvent within the gel (driven by the gradient of the so-
called pore pressure) and the corresponding family of elastic states
(stresses, strains, displacements). When the problem admits special
boundary and geometric conditions, the diffusion and the elastic
problem can be solved sequentially (Doi, 2009; Yoon et al., 2010).
Here, we are interested in the analysis of the bending deforma-
tionswhichmay be induced in a gel barwhen appropriate boundary
conditions are considered. To this aim, we present a thermodynam-
ically consistent linear theory of poroelasticity which follows the
same general lines as that in Yoon et al. (2010). In particular, here
we take explicitly into account the dependence of the incremental
problemon the characteristics of the initial swollen state and derive
the appropriate linear material response of the gel following a ra-
tional and general linearization procedure. Then, we present a class
of reduced models borrowed from structural mechanics aimed at
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in the gel bar. Through a plane stress–diffusion model we discuss
the dependence of the swelling-induced bending curvature and of
the characteristic time scale on the conditions determined by the
initial swollen state. A distinct bending pattern to be conﬁrmed
by an appropriate experimental setup is evidenced. Moreover, it is
shown that there exists a range of the poroelastic parameters where
a further reduced 1D diffusion model holds.
We have in mind the unique experimental tests shown in
Holmes et al. (2011) where a bending is caused in a gel bar by
the exposure to a droplet of a favorable solvent placed on the top
of the bar which is initially in its straight conﬁguration. Even if
our models are set within the linear context of the poroelastic the-
ory, nevertheless the trends evidenced allow to address some
questions concerning the relations between the swelling-induced
curvature and the diffusion of the solvent within the gel.
2. Material and methods
We imagine that the gel bar lays in a swelling equilibrium state
(SES) reached from a dry reference conﬁguration Bd, a three-
dimensional region of the Euclidean space E, and that a homoge-
neous swelling deformation Fo = koI completely deﬁnes the SES
conﬁguration B  E. It means that, for lo and cdo the uniform
chemical potential and concentration (measured in moles per unit
dry volume) of the solvent within the gel at the SES state, it holds
Jo ¼ det Fo ¼ 1þXcdo; and lo ¼
Gd
ko
XþRT h0ðJoÞ ð2:1Þ
with
h0ðJoÞ ¼ log
Jo  1
Jo
þ 1
Jo
þ v 1
J2o
ð2:2Þ
with X the volume per solvent mole, Gd the shear modulus of the
dry polymer, R the universal gas constant, T the environment tem-
perature, and v the dimensionless measure of the enthalpy of mix-
ing. Eq. (2.1)1 forces the volume of the gel in B to be the sum of the
volume of the dry network and the volume of the pure liquid sol-
vent (incompressibility constraint) whereas Eq. (2.1)2 expresses
the swelling equilibrium of the SES state (Hong et al., 2008).
2.1. The stress–diffusion model
With T  R a time interval of the real line R and V the transla-
tion space of E, we describe the incremental motion from B
through the displacement ﬁeld u : B  T ! V and introduce the
scalar ﬁeld c : B  T ! R to describe the increment in the concen-
tration of the solvent within the gel with respect to cdo; c is mea-
sured in moles per unit SES volume. With this, at any time, the
concentration cd (measured in moles per unit dry volume) of the
solvent within the gel may be expressed as cdo + cJo. To assure that
the incompressibility constraint continues to hold in the incremen-
tal problem, we set:
I  E ¼ Xc; E ¼ symru: ð2:3Þ
In our mind, the incremental deformation E is the sum of a volu-
metric swelling deformation Es and a component Ee which is com-
pletely deviatoric and measures shape changes: I  Ee = 0 and 3
Es = esI. Hence, the deformation E admits the following
decomposition
E ¼ Eþ 1
3
eI ð2:4Þ
into the deviatoric part E ¼ Ee and into the spherical part e = es
which is completely due to swelling.The balance of forces (in absence of incremental bulk loads) and
the conservation of solvent mass (in absence of bulk sources) in the
incremental process prescribe that in B
divT ¼ 0; and _c ¼ divh ð2:5Þ
with T the incremental stress ﬁeld within the gel and h the incre-
mental solvent ﬂux. Eq. (2.5) have to be equipped with the suitable
boundary conditions on @B; in presence of an incremental traction t^
and source q, we have
Tm ¼ t^ and  h m ¼ q ð2:6Þ
withm the unit normal ﬁeld to @B. In particular, Eq. (2.6)2 says that
the boundary source is completely deﬁned by the solvent ﬂux h and
that to a positive q it corresponds a ﬂux which is entering the body.
2.2. The constitutive recipes
We assume that the theory is consistent with a thermody-
namic-like inequality which involves a free energy density / per
unit SES volume and a nonnegative quantity representing the dis-
sipation of energy and write, for any part P  B,
PmðPÞ þPcðPÞ  ddt
Z
P
/P 0 ð2:7Þ
withPmðPÞ andPcðPÞ the external contributions to the mechanical
and chemical powers, respectively. In order to get a linear theory
describing the incremental processes from B which is consistent
with the inequality (2.7), compatible with a chemical potential
lo– 0, and satisfying the standard frame-invariance requirements,
the inequality (2.7) has to be approximated up to the second order
in the smallness parameter g = kruk which controls the incremen-
tal motion from SES. Hence, for Fd the gradient of the deformation
from the dry conﬁguration, it is assumed that
Fd ¼ eFFo; eF ¼ IþH; H ¼ ru; ð2:8Þ
and g 1, i.e. eF is a small deformation superimposed to the free-
swelling stretch Fo. Using the incompressibility constraint
Jd = detFd = 1 +Xcd, the Flory–Rehner free energy per unit dry vol-
ume is represented as
/dðFdÞ ¼
1
2
GdðFd  Fd  3Þ þ RTX
hðJdÞ ð2:9Þ
with
hðJdÞ ¼ ðJd  1Þ log
Jd  1
Jd
þ v Jd  1
Jd
: ð2:10Þ
The corresponding free-energy density / per unit SES volume is
/ðeFÞ ¼ 1
Jo
/dðeFFoÞ ð2:11Þ
and
d
dt
/ ¼ D/ðeFÞ  _eF ¼ cðIþHÞ  _H ¼ ðcðIÞ þ C½HÞ  _Hþ oðg2Þ ð2:12Þ
with the constitutive function cðeFÞ ¼ D/ðeFÞ delivering the stress per
unit SES area corresponding to eF and the fourth-order tensor
C ¼ DcðIÞ delivering the elasticity tensor appropriate to the linear-
ized theory. In particular, it holds
cðIÞ ¼ Gd
ko
þRT
X
h0ðJoÞ
 
I; ð2:13Þ
C½H ¼ Gd
ko
HþRT
X
h0ðJoÞ½ðI HÞIHT  þ Jo h00ðJoÞðI HÞI
 
: ð2:14Þ
The mechano-chemical contribution PmðPÞ þPcðPÞ to the dis-
sipation inequality is represented as
Fig. 1. Sketch of the localized exposure to the solvent of a gel bar supported in its
middle.
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Z
P
ðT  _Hþ l _c  h  rlÞ; cJo ¼ cd; ð2:15Þ
with the chemical potential l of the gel within the solvent deﬁning
the energy carried by the unit solvent mole entering P and the sol-
vent concentration c measured in moles per unit SES volume. We
assume that l ¼ lo þ ~l, with ~l the (small) increment in the chem-
ical potential compatible with the incremental process we are
studying. With this, taking into account the uniformity of lo and
the incompressibility constraint delivering
X _c ¼ eFH  _eF ¼ ðIþ ðI HÞIHTÞ  _Hþ oðg2Þ; ð2:16Þ
the total power PðPÞ ¼ PmðPÞ þPcðPÞ may be rewritten as
PðPÞ ¼
Z
P
T  _Hþ lo þ ~l
X
ðIþ ðI HÞIHTÞ  _H h  r~l
 
:
ð2:17Þ
Eqs. (2.12) and (2.17) allow to rewrite the localized form of the dis-
sipation inequality (2.7) up to second order term in g as
1
X
loI cðIÞ
 
 _Hþ Tþ 1
X
ðloðI HÞI loHT þ ~lIÞ  C½H
 
 _H h  r~l 6 0: ð2:18Þ
The ﬁrst line (corresponding to the ﬁrst order in g) is identically
zero, as it can be easily veriﬁed using Eqs. (2.1)2, (2.2), and (2.13).
The second line represents the approximation of the dissipation
inequality appropriate to the incremental theory. We now apply
the Coleman–Noll procedure (Coleman and Noll, 1963) and ﬁnd
the thermodynamic restrictions on the constitutive equations fur-
nishing the incremental stress T and the incremental solvent ﬂux
h. Precisely, we require that the dissipation inequality (2.18) be sat-
isﬁed along any incremental motion; neglecting any viscoelastic
contributions to the incremental stress, we derive the constitutive
function delivering the stress T as
T ¼ C½H  1
X
ðloðI HÞI loHT þ ~lIÞ; ð2:19Þ
moreover, as standard, we assume that the solvent ﬂux depends lin-
early on the gradient r~l through a mobility tensor M which, as a
consequence of the inequality, has to be positive-semideﬁnite
and, because of the linear approximation, cannot include any fur-
ther dependence on H: h = MXrp. Using Eqs. (2.14) and (2.2),
the stress T turns out to be
T ¼ 2GEþ K  2
3
G
 
ðI  EÞI pI ð2:20Þ
with the poroelastic shear and bulk moduli G and K deﬁned as
G ¼ Gd
ko
; K ¼ 1
3
GþRT
X
Jo  2vðJo  1Þ
J2oðJo  1Þ
ð2:21Þ
and p ¼ ~l=X the pore pressure.
The balance and constitutive equations can be arranged in such
a way to deﬁne the stress–diffusion coupling model whose basic
equations are listed in Doi (2009) (even if there the departure point
is well different). Our approach is similar to the one used in Yoon
et al. (2010) to derive the equations of the poroelastic theory and
study a few characteristic problems. The relations (2.21) here de-
rived may be thought as a generalization of the ones derived under
the hypothesis lo = 0 in Hu et al. (2011), where a series expansion
of the Flory–Rehner free energy admitting an incremental motion
of pure strain is employed. However, due to the different represen-
tation forms of the Flory–Rehner free energy density used in Hu
et al. (2011) and here, Eq. (2.21) show minor differences.
Here, we are interested in studying the bending deformations
in a gel bar arising as a consequence of the localized exposure toa solvent. For this purpose, in the following sections we propose
two reduced models which describe the deformation process
suffered by the gel bar during the solvent migration. The sketch
of the system we are going to analyse is reported in Fig. 1: a
droplet of solvent is placed on the top of the gel bar which is
supported in its middle; the droplet quickly spreads over the
top surface and slowly is absorbed inducing a differential vol-
ume expansion which causes the bending of the bar. Then the
bar tends to recover its original conﬁguration, as the pore pres-
sure ﬁeld becomes homogeneous.
2.3. The 2D stress–diffusion problem
We deal with the plane model starting from the three-dimen-
sional theory with no a priori restrictions on the solvent concentra-
tion distribution and with the semi-inverse hypothesis of a two-
dimensional state of stress and diffusion. So, having introduced a
Cartesian reference system {o;e1;e2;e3} such that the bar axis is
spanned by e1 and the unit normal to the ﬂexure plane is e2, we as-
sume that
Te2 ¼ 0 and h  e2 ¼ 0 ð2:22Þ
and there is no dependence of the state variables of the problem on
x2. Eq. (2.22)1 prescribes that T21 = T22 = T23 = 0 and deﬁnes a re-
duced model which is well-known in solid mechanics and usually
called the plane-stress model. Eq. (2.22)1, together with the consti-
tutive equation (2.20), yields E21 = E23 = 0 and, having deﬁned
e^ ¼ E11 þ E33,
E22 ¼ p K  23G
 
e^
 
4
3
Gþ K
 1
: ð2:23Þ
Eq. (2.23) has to be used into the constitutive equations (2.20) and
(2.3)1 to get both the constitutive and constraint equations compat-
ible with the plane stress–diffusion model. The ﬁrsts are
T11 ¼ 43
G
b
ðGþ 3KÞE11 þ 2Gb K 
2
3
G
 
E33  2Gb p; b ¼
4
3
Gþ K
 
;
T33 ¼ 2Gb K 
2
3
G
 
E11 þ 43
G
b
ðGþ 3KÞE33  2Gb p;
T13 ¼ 2GE13;
ð2:24Þ
and deﬁne the plane part bT of the stress T. The reduced constraint
equation takes the form
2Ge^þ p ¼ Xbc: ð2:25Þ
Within the framework of the reduced model, the mechanics is so
described by: the balance equations div bT ¼ 0 added with the
boundary conditions
1 Thermal expansion is usually viewed as inducing inelastic volumetric deforma-
tions which only change locally the natural state of a body, with the stress depending
only on the elastic part of the deformation. On the contrary, swelling induces volume
changes which have elastic effects; accordingly, the constitutive equations involve the
total deformation (see Eq. (2.20)).
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which hold everywhere but a small set of points where the dis-
placement of the bar is hampered to simulate the presence of the
support (see Fig. 1); the constitutive equation (2.24); the strain–dis-
placement equations
E^ ¼ symru^; u^ ¼ u ðu  e2Þe2: ð2:27Þ
Using the two-dimensional constraint (2.25), the mass conser-
vation equation (2.5)2 may be written as
_p ¼ Xbdivhþ f ; f ¼ 2Gdiv _^u; ð2:28Þ
so determining an evolution equation for the pressure ﬁeld p feeded
by a source-like mechanical contribution f. We assume that the dif-
fusive ﬂux follows a linear Darcy-like law along the thickness 2h of
the bar and write
h  e3 ¼ mtX @p
@x3
; mt ¼ jg
co
X
ð2:29Þ
with j and g the permeability of the gel and the viscosity of the
solvent, respectively. Hence, we denote as bulk diffusivity the
quantity db =mtX2b, the same as that found in Doi (2009) and
Yoon et al. (2010). Moreover, we deﬁne as poroelastic time sp
the characteristic time of the diffusion along the thickness of
the bar, and set sp = (2h)2/db; moreover, we assume that along
the length of the bar the diffusion is determined by a coefﬁcient
ms which is much larger than mt. The ﬁnal expression for Eq.
(2.28) is
_p ¼ db @
2p
@x23
þ adb @
2p
@x21
 2G _^e ð2:30Þ
with amt =ms. We neglect the effect of the solvent evaporation and
set h m = 0 everywhere but the midpoint of the top surface of the
bar where there is a boundary source q of solvent ﬂux which,
according to a simpliﬁed absorption model, simulates the presence
of a solvent droplet so determining the localized exposure of the gel
bar to the solvent. We assume that q is constant and different from
zero only within the time interval Dt (see Fig. 1), so corresponding
to the solvent entering the gel bar with a constant rate for a ﬁnite
interval of time which is much smaller than the relaxation time
(i.e. the time interval needed to reach the steady-state straight con-
ﬁguration). Of course, the source q is an approximate model of an
actual droplet of solvent which quickly spreads on the top surface
of the bar while slowly diffuses within the bar. In any case, as it will
be shown in the following, it allows to reproduce a bending pattern
which rapidly evolves towards a maximum value of the bar curva-
ture and slowly comes back until the initial straight conﬁguration is
attained.
As regards the initial conditions, as it holds l(x1,x3,0) = lo, the
pore pressure is set zero at t = 0.
2.4. The 1D stress–diffusion model
The plane stress–diffusion problem provides an insight into the
dynamics related to the diffusion of the solvent within the gel from
an initial state parameterized by the stretch ko. Now, we ﬁnd useful
to consider as a special case the one characterized by a diffusion
which goes through the thickness of the gel bar only, to discuss
explicitly a few aspects of the bending behavior. Our point of
departure is the same adopted in Holmes et al. (2011), where a
thermal analogy is used to analyze the diffusion problem, and fol-
lows the general lines outlined in Boley and Weiner (1960). Obvi-
ously, there are key differences due to the nature of the physics
governing the thermal expansion of metals with respect to theone corresponding to the swelling expansion so making the pres-
ent 1D stress–diffusion model original.1
We employ the following semi-inverse assumption:
T33 ¼ T13 ¼ 0; T11 ¼ r^ðx3; tÞ; ð2:31Þ
moreover, we assume that p = p(x3, t). The equations of equilibrium
are then satisﬁed identically, and compatibility arguments (written
in terms of stresses) turn out to be:
r^ðx3; tÞ ¼  GK þ G3
pðx3; tÞ þ C1ðtÞ þ x3C2ðtÞ
with the functions C1(t) and C2(t) to be chosen in such a way that for
any pressure distribution the resultant force and moment (per unit
of length) produced by the stress component r^ðx3; tÞ are zero (gen-
eralized boundary conditions). With this, we ﬁnd:
r^ðx3; tÞ ¼ GK þ G3
NpðtÞ
2A
þMpðtÞ
I
x3  pðx3; tÞ
 
;
in this equation the area A and the moment of inertia I of the rect-
angular cross section are respectively A = 2bh and I = 2bh3/3
whereas
NpðtÞ ¼ b
Z h
h
pðx3; tÞdx3; ð2:32Þ
MpðtÞ ¼ b
Z h
h
x3pðx3; tÞdx3 ð2:33Þ
are the resultant force and moment (per unit of length) correspond-
ing only to the pore pressure p. Through the constitutive equation
(2.24), it is easy to evaluate the strain components E11, E33, and
E13 and the associated bar curvature as
nðtÞ ¼ 1
3K
MpðtÞ
I
: ð2:34Þ
Eq. (2.34) shows that, with appropriate kinematical conditions
(which do not hamper the transverse displacement of the bottom
side of the bar), a bending curvature of the gel bar is induced
through the solvent diffusion every time the corresponding driving
force, i.e. the pressure p, has a moment different from zero. So, if the
solvent enters the bar from both the bottom and top sides in a sym-
metrical way (which are the conditions characterizing a permeable
bar in a solvent bath) no bending occurs.
In the framework of the current 1D model, the mass conserva-
tion equation (2.28) may be rewritten as
_p ¼ ~db @
2p
@x23
 ~f ; ~db ¼ KK þ G3
db; ð2:35Þ
~f ¼ G
3K
NpðtÞ
2A
þMpðtÞ
I
x3
 
: ð2:36Þ
Likewise, the boundary conditions may be rewritten as
p0(h, t) = 0 and p0ðh; tÞ ¼ ~q with ~q ¼ q=ðmtXÞ. The initial condi-
tion stays unchanged and prescribes that p(x3,0) = 0. Eqs. (2.35)
and (2.36) together with Eqs. (2.32) and (2.33) and the boundary
and initial conditions deﬁne an integro-differential problem in the
unknown ﬁeld p whose solution allows to determine the bending
curvature of the bar through Eqs. (2.33) and (2.34).
As we said before, the problem just set differs from the standard
1Ddiffusionproblemcorresponding, for example, to the thermaldif-
fusion equation, as the underlying physics is very different. Never-
theless, there are a few special conditions when the 1D model may
Table 1
Parameters setting.
Parameter Symbol and value
Volume per solvent mole X = 18 lm3/mol
Dry shear modulus Gd = 400 kPa
Dry Poisson modulus m = 0.5
Flory–Rehner parameter v = 0.2
Environment temperature T = 293 K
Permeability j = 1  1018 m2
Solvent viscosity g = 200 mPa s
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ko ’ 1 it happens that G/K? 0 and ~db ! db, i.e. the characteristic
diffusivities of the 2D and 1D models are almost equal. In this case,
ifweneglect the source-like contribution~f (as it can be seen through
an adequate dimensional analysis to be of the order O(G/K)), we can
recover the standard diffusion equation:
_pðx3; tÞ ¼ dbp00ðx3; tÞ; h < x3 < h; ð2:37Þ
where the same boundary and initial conditions continue to hold. Eq.
(2.37) describes the diffusion in an extremely stiffmaterial asK?1;
of course, the solvent migration turns out to be independent on the
bar mechanics as convective terms are neglected in this linear con-
text. It is worth noting that Eq. (2.37) is formally analogous to the
oneused inHolmeset al. (2011), borrowed from the thermal analysis,
to discuss the core experimental results of the paper.3. Results and discussion
Before analyzing the swelling-induced bending pattern in the gel
bar resulting from the reducedmodels, let us elaborate on some fea-
tures of the linearized constitutive equations. These have been rep-
resented in terms of the shear and bulkmoduliG andK, respectively,
both depending on the homogeneous swelling stretch ko. As this
dependence inﬂuences the bending deformations of the gel bar, it
needs to be explored. To this aim, let us refer to Fig. 2 (left) showing
the ratios G/Gd (solid line) and K/Gd (dotted line) between the shear
modulus G and the bulkmodulus K of the swollen gel (from now on,
the poroelastic moduli) and the shear modulus Gd of the dry net-
work, respectively. When ko? 1, i.e. when the SES conﬁguration is
the dry state, the ratio G/Gd is 1 whereas K/Gd goes to 1 (see the
zoom); as a consequence, the ratio G/K goes to 0. Moreover, we note
that there is a characteristic value of ko between 2.5 and 3 (when the
physical parameters of the gel and the solvent are chosen as in Ta-
ble 1) which divides the range where K > G from the range where
K < G.
We implement both the 2D and 1D model through a FEM code
with: the material parameters selected as listed in Table 1; the geo-
metrical characteristics of the gel bar determined by the length
L = 20 mm, the width b = 0.5 mm and the thickness 2h = 1 mm; the
volume Vs of the solvent droplet taken as 1/10 of the dry bar volume,
i.e. Vs = 1 lL; the time interval Dt = 40 s (corresponding to the time
at which the maximum curvature is reached by one of the gel bars
in Holmes et al. (2011)). Finally, the support is chosen to be a single
point.Fig. 2. The poroelastic shear modulus G (solid line) and the poroelastic bulk modulus K (
different values of ko when ms = 105mt (right).The computational analysis of the 2D model exhibits a bending
pattern of the gel bar which is summarized through the following
Figs. 2 (right) and3. Fig. 2 (right) shows the curvature versus time for
different values of ko evaluated at themidpoint of the bar (identiﬁed
with themidpoint of the bar axis).We recall that the initial stretch ko
affects both the mechanical properties of the bar, through the poro-
elastic moduli G and K, and the permeation conditions, through the
bulk diffusivity db. Two key elements may be observed: both the
maximum of the curvature and the poroelastic time are inﬂuenced
by the initial state of the bar deﬁned by the parameter ko and to
the almost dry state (ko = 1.0001) it corresponds the smallest curva-
ture peak. These two aspects are better shown in Fig. 3, where a lar-
ger range of values of ko has been investigated.
In particular, Fig. 3 (left) shows that the maximum bending cur-
vature strongly increases with ko, so following the trendmore swol-
len, more bending; as a consequence, the range of validity of the
linearized model is limited by the choice of a reasonable range of
initial stretches ko. On the contrary, the dependence of the poro-
elastic time sp on ko is non–monotonic, as Fig. 3 (right) shows; in-
deed, sp depends on ko through both the poroelastic modulus b and
the bulk diffusion coefﬁcientmt linearly related to cdo ¼ ðk3o  1Þ=X.
In the end, the evolution of the bending pattern of the gel bar when
the initial state is very far from the dry state is not trivial and
would need to be further investigated experimentally and through
a nonlinear model. Let us also note that a support of ﬁnite length as
the one used in Holmes et al. (2011) signiﬁcantly inﬂuences the
curvature peak, as may be supposed.
The outcomes of the 1D integro-differential model are presented
in Fig. 4 (left). The curvature versus time plots for different values of
ko are comparedwith the ones already illustrated in Fig. 2 (right) cor-
responding to the 2D model. Interestingly, Fig. 4 (left) shows an ex-
tremely good agreement between the results coming from the
solution of the two models. Indeed, when the initial stretch ko is
not too large, the solid lines, which are referred to the 1D model,
are practically superimposed to the dotted lines, which are referreddotted line) over the dry shear modulus Gd (left). Bending curvature versus time for
Fig. 3. Maximum curvature versus ko for ms = 105mt (left). Poroelastic time versus ko for ms = 105mt (right).
Fig. 4. Bending curvature versus time for different values of ko as given by the 1D integro-differential model (solid lines) compared to the ones given by the plane
stress–diffusion model (dotted lines) (left). Curvature versus time: the (fully coupled) 1D integro-differential model and the semi-coupled model (right).
1404 A. Lucantonio, P. Nardinocchi / International Journal of Solids and Structures 49 (2012) 1399–1405to the 2D model. Of course, the agreement is strictly related to the
ratio between the diffusivities along the thickness and along the
length of the bar which is small (ms = 105mt).
We ﬁnd this result particularly noteworthy as it goes in the
direction largely shared in literature (see (Boley and Weiner,
1960)) i.e. to describe the fundamental features of the deformation
processes in bar and plate structures through low-dimensional
models. Moreover, to our knowledge, the 1D integro-differential
model of stress–diffusion is an original extension of the well-
known 1D diffusion equation.
Furthermore,we noted that there are a few special conditions, i.e.
an initially almost dry bar, when the 1D model may be represented
through the standard diffusion equation (2.37). Precisely, Fig. 4
(right) shows thatwhenG/K? 0 the bending behavior of the bar ob-
tained from the solution of Eq. (2.37) is in excellent agreement with
the one corresponding to the integro-differential equation.4. Conclusions
We have studied the bending deformations which may be in-
duced in a gel bar when appropriate boundary conditions are con-
sidered; the bending pattern arising from the numerical analysis
has been shown to be similar to the one which arises as a conse-
quence of the experiments in (Holmes et al., 2011), which inspired
this work.
In particular, an original integro-differential 1D stress–diffusion
equation has been derived in a way formally analogous to the oneused in the thermal analysis of elastic structures; it allows to dis-
cuss the bending response of the gel bar and to identify the resul-
tant force and moment of the pore pressure ﬁeld along the bar
thickness as key quantities driving the bending.
Notwithstanding the lack of a suitable absorption model for the
solvent drop and the limitations of the incremental theory, the pro-
posed models describe satisfactorily the non-homogeneous swell-
ing-induced deformations of a gel bar. A quantitative comparison
with the experimental results is one of the objectives of our future
research as well as the formulation of a fully nonlinear stress–dif-
fusion model to overcome the limitations of the present incremen-
tal model.
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